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have been developed

based on the transient age distributions derived from the population balance. These models
appear to represent physical reality more accurately than do the steady state models during

the start-up period of the transport processes.

The penetration model of interphasé mass transfer was
introduced by Higbie (1) to formulate the gas absorption
rate by a liquid when the exposure time is very short.
Danckwerts (2) extended Higbie’s model to the interphase
mass transfer in a turbulent fluid-fluid system by incorpo-
rating the surface renewal concept. The two models may
be jointly referred to as the surface renewal and penetra-
tion theory and have been further extended and modified
in a variety of ways (3 to 6). While the theory appears to
be sufficiently flexible for treating a variety of transport
processes, its applications have been restricted mainly to
fully developed stationary or macroscopic processes.

The purpose of this work is to develop the transient
models of some transport processes based on the transient
age distributions. These models appear to represent physi-
cal reality more accurately than do the steady state models
during the start-up period of some interphase transport
processes.

GENERAL TRANSIENT AGE DISTRIBUTION FUNCTIONS

Consider the transport process between a fluid and
another phase. Suppose that, at the onset of the process,
the interface is occupied by the fresh fluid elements. In
other words, at any time ¢ from the onset of the transport
process, the oldest fluid elements at the interface must
have the age of £. The fluid elements at the interface estab-
lish a certain steady state distribution function ¢(8) for all
6 less than t as shown in Figure 1(A, B, and C). At time
t the application of the population balance (7, 8) to ages
of those fluid elements which are on the interface give rise
to the transient age (contact time) distribution® which

can be written in the form (7, 9)

56,0 = 80 + [ 1= J s(0ras ] 501

for 0=¢=t

(1)

$(t,0) =0 for 4>t (1a)

The first term on the right-hand side of Equation (1)
represents the steady portion of the age distribution or
the portion of ages contributed by the fluid elements
which come into the interface after the onset of the proc-
ess. The second term represents the contribution by the
fluid elements originally at the interface. When ¢ ap-
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proaches infinity, the magnitude of the second term will
eventually approach zero and only the first term remains
in the right-hand side of Equation (1). Therefore, ¢ (¢, 8)
reduces to the steady state age distribution function ¢(8)
as t = o. Equation (1) is the basic expression for the
transient age distribution functions employed here.

Different transient distributions ¢(8, t) can be obtained
by direct substitution of different steady state age dis-
tributions ¢(6#) into Equation (1). In this way every
steady state age distribution function may be generalized
to a corresponding unsteady state age distribution function.
For example, the substitutions of the multiple capacitance
age distribution, the random age distribution, and the
uniform age distribution functions into Equation (1)
yield the following corresponding transient age distribu-
tion functions:

{ m—1 ;
(£ 0) :se‘mst (msf) } +8(6— 1)
i=0 !
e~™t m—-1 3 (mst)"
( m 2 n! J (2)
i=0 m=0
for 0=0=¢
o(t,8) =0 for t<4,
$(t,8) =se~s0 et §(g—t) for 0=64=14, }
(3)
$(t,8) =0 for t<g,
and
1 t
sty ==+ (1-L) s6—1)
T T
for 0=¢=t=q (4)
$(t,8) =0 for t<8=n,
$(t,0) =0 for r<@

Equation (3) agrees with the one derived by Tadaki and
Maeda (10) based on physical reasoning. Figures 14, 1B,
and 1C show graphically the multiple capacitance, random,
and uniform contact time distributions in the transient
state, respectively.

It is worth noting that the uniform age distribution is
fairly representative of the distribution of the absorbent
contact time in a short wetted-wall column (where the

* Note that ¢(¢) is the fully developed steady state age distl‘ib}ltion
function. Therefore in Equation (1) {1 — J’; ${6)ds1 is numerically

identical to [J‘:J ¢{6)ddl.

January, 1971



(A) $(t,0) (5

5 ;.« 0)de

impulse areo = [l—fo'¢(e)ae]

t
oHeide ﬂ

bir,0)

#tt,0)

I-j;'¢(9)d9]

impulse area = [I- fo' ?(0)49] © 1
T

t .t -
JOQ(Q)dQ T impulse (uret:|=-——t't )

7

[; -fo' ¢(e)ae]

///7777” T

$(1,0)

AN

t
]

Fig. 1. Transient age distribution function at time t—modifications of muitiple capacitance distribution (A), random age distribution (B),
ond uniform age distribution (C).

absorbent liquid flows in a laminar flow) or in a absorp-
tion tower filled regularly and uniformly with single-size
packing material (where an absorbent liquid flows slowly).
The random age distribution may be realized in a well-
stirred vessel. In an actual system in which an interphase
transport process occurs, it is impossible to reproduce
either one of these idealized age distributions. The multi-
ple capacitance age distribution can be employed to
represent approximately any situation between these two
ideal cases.

SURFACE RENEWAL AND PENETRATION MODELS
IN THE TRANSIENT STATE :

Based on the general transient contact time distributions
derived in the preceding section, the surface renewal and
penetration models for the transient state will be devel-
oped. Consider a transport system involving a fluid and
another phase under the condition of no chemical reaction
or heat generation. It is assumed that the transport process
begins at the instant that the fluid is brought into contact
with the interface. New fluid elements from the bulk
stream are assumed to replace continually the old fluid ele-
ments on the interface. During the contact period with the
other phase, the fluid elements on the interface are as-
sumed to absorb heat (or mass) by conduction (or molec-
ular diffusion).

Let ¢:(8) be the instantaneous transfer rate of those
surface elements at the contact time 8. If ¢ (¢, ) is the age
distribution function of the interface fluid elements, then
at time £, from the onset of the transfer process, ¢(, §)d¢
is the fraction of fluid elements on the interface having a
contact time between # and § + df. Under these condi-
tions, the average local transport rate can be expressed as
the summation of the individual contributions of fluid
elements of all ages from zero to # inclusive

¢
w0y = I 6t0) wio)do (5)
Note that the upper limit of integration is ¢ instead of
infinity because no fluid elements have ages greater than
t. The magnitude of ¢(¢) changes with ¢ If ¢ approaches
infinity, ¢(¢,8) reduces to ¢(8), as can be seen from
Equation (1). Then Equation (5) reduces to the familiar
steady state expression for the transfer rate (2, 3, 5, 7)

m v =v=J," som@d (5

In Equation (5a), y;(9) is the instantaneous local trans-
fer rate of the fluid elements and is a function of contact
time §. $(t) is the average local transfer rate at any given
time ¢ before the steady state is reached; hence, it is a

function of time ¢. lim ¥ is the average local transfer rate
ts o
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under steady state condition, thus, it is no longer a func-
tion of t. At given time ¢ the local transport coefficient
H(t) is defined as

¥(t)
Py — Py
1 t
:mj; é(t, 0)4:(6)do (6)

where Py is a transport potential (such as pc,T or C) of
the fluid in the bulk stream, and P, is the potential of the
fluid at the interface. Substituting Equation (1) into
Equations (5) and (8), one obtains

¥(t) =
J(‘)t [¢(0) +6(6—1) j;m $(0)do ]¢i(0) de

(H(t) =

t ® t
= s+ § s(0)ds f, 50— t)yilo) do

t ©
= s@words+ww § o0 o )
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Fig. 2. Comparison of experimental data with various equations.
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and

H(t) = I s@wneas

ru ST swas]

Equations (7) and (8) are, respectively, the basic formu-
lations for the average local transport rate and the average
local transport coefficient at given time # based on the
transient renewal-penetration model.

The instantaneous local transfer rate y;(4) of the fluid
elements at the interface can be evaluated if the tempera-
ture or concentration profile of the fluid elements on the
interface is known (I to 5), that is,

¥i(6) = — | (9)

where the temperature or concentration profile of surface
fluid elements may be found by solving the Fourier equa-
tion

aP a2P

— =k (10)

a4 922

The solution of Equation (10) depends on the initial
and boundary conditions stipulated. A set of general
boundary conditions (3) may be written as

P=P, for 2z=0, =0 (11)

P=P, for z=1 49=0 (12)

P
-g—;='y(Po—P) for z2=0, >0 (13)

If the residence time of the fluid elements on the inter-
face is very short, the depth of penetration becomes very
small in comparison with the average thickness ! of the
fluid elements. Therefore, [ may be assumed to be infinity.
If the interfacial resistance is negligibly small, the inter-
facial transfer coefficient hy; and hence v in the general
boundary condition may be assumed to be infinity. It is
seen that the other boundary conditions may be obtained
by the process of allowing I or y or both to approach
infinity. The resulting four different expressions for the
instantaneous transfer rate y;(#) under various boundary
conditions are summarized in Table 1.

The evaluation of the average local transport coefficient
or the transport rate during the transient state requires a
knowledge of ¢(#) in addition to ¢;(6); this requirement
can be inferred from Equations (7) and (8). If the multi-
ple capacitance contact time (or age) distribution ¢(4)
defined by

m—1 (msg)g
(9) = sg—msb -
$ 2:‘() .

is employed, one obtains the transport coefficient in the
transient state as

TABLE 1. INSTANTANEOUS TRANSFER RATE AT THE INTERFACE FOR THE SYSTEMS WITHOUT CHEMICAL REACTION

Interface Boundary
boundary extent Ref-
conditions conditions Instantaneous transfer rate at interface erence
With® Finitet _ Bt
interfacial extent " ~1 o I
resistance vi1(8) = (Po — Pp) T T o+ 24202 2 e 11
K "I [ 4202 8] J
or
0 nl
vir(8) = (Po — Pp)ry < exverfcy~/ k8 + 2 2 [ e2nly +k67? erfo + v\«
n=1 \/ «6
Infinite®*
extent viz(8) = (Po — Pp)ry ev**@ erfc v~/ 8 3
2l
Withouttt = © 0 ‘s
interfacial Finite vis(8) = (Po — Pp)\ / __[ 142 Ee ,
resistance extent 0 et
or
n3rixd
0 - 2 ]
K
vis(8) = (Po — Po) — [ 14+2 2°
l n=1
Infinite Tk
extent yi(0) = (Po—Pb)-\/;; 1,2

® « and #l1 are finite,
#® | approaches infinity.
t 1 is finite.
tt v and 41 approach infinity.
Note: ~ = he/k, fin are the consecutive roots of equation S cot 8 + ~I = 0.
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Fig. 3. Comparison of experimenta! data with various equations (see

Figure 2).

e ™=l (msg)i
Hm —(—I‘-)O—:T)— {f l,l{,(&)se 4 ‘2;) i de
+¢i(t)ft sg—ms® 2 (mse) da} (14)
or
H, = 2 (mS)J ‘f ‘#z(o)se mse g (g
(Po —Pb)

‘Ih(t) g—mst ™~

Tz

i=0

1\
(14a)
Equations (14) and (14a) are general expressions for
the local transport coefficient in the transient state. For
a given set of boundary conditions in Equation (10),
¥i(8) is fixed. The transient transport coefficient based on
the different age distributions may be obtained by varying
the value of m. When m approaches infinity, the limiting
value of Hp, is easier to obtain from Equation (14) than

from Equation (14a). Taking the limit of Equation (14)
and remembering that s = 1/7, one obtains

"h:I:O Hy = m—}m { J;t Wi (4)sdo
+ () [ 1-— J;t sdﬁ]}

m {f yi(0)sdd + ¢i(t) (1 — St)}

or

H,= (_:—_P-)— {f Wi(0)do + u(t) (7 — t)}
(14b)

Equation (14a) is convenient for computation in the
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case of a finite number of capacitance while Equation
(14b) is convenient for computation in the case of in-

finitely' many capacitances (Higbie’s uniform age distribu-

tion). If the age distribution function is chosen (that is,
if m is fixed), the transport coefficient in the transient
state and hence, the expression for ¢;(¢) may be found
from Equations (14a) or (14b) under various boundary
conditions. All of the limiting cases of Equation (14) cor-
responding to various age distributions (such as m = 1,
m — ) and under the different boundary conditions
(such as [ — o or h; = o or both) of Equation (10)
are obtained and are summarized in a table available else-
where.* Two examples follow:

1. When m = 1 (random age distribution), y —
(negligibly small interfacial resistance), and l— « (semi-
infinite surface fluid elements). From Table 1, one finds
that the corresponding ¢:;(9) is

$i(8) = (Po — Py) s (15)
Equation (14a) thus reduces to

¢ K
Hl-yl(t) =Sj; \/ :73—80d0+e—::t\/ _;;

xs erf \/st + e~¢t '\/-_:-
-
or

n(e) = (P~ Pb)[ Vs erf \/st + et \/E_t—]

ki

(164)

Equation (16a) agrees with the transient mass transfer
coefficient obtained by Tadaki and Maeda (10). When ¢
approaches infinity, Equation (16a) reduces to the steady
state surface renewal model of Danckwerts (2):

Y = (Po — Pp) Vs (16b)

2. When m —> o (uniform age distribution), y — o
(no surface resistance), and I = oo (serni-infinite surface
fluid elements), Equation (14) then reduces to Equation
(14b). The latter, with the help of Equation (15), reduces

(16)

to
Hou(t) = — [ '\/——d0+\/-—- (r—1t) ]
or

Yayi(t) = (Po — Py) [71\/"_-5+ \/;i:] (17a)

It is seen that when t — 7, Equation (17a) reduces to the
familiar steady state penetration model of Higbie (I),

e =2(Po—Py) \/ =
ot

The following procedure yields the time average trans-
fer rate for any time interval, for example, from zero to
t;. Let the average transfer rate over the time interval #;

be denoted by ¥(t;), then

(17b)

* Tabular material has been deposited as document 01249 with the
ASIS National Auxiliary Publications Service, ¢/o CCM Information Sci-
ences, Inc.,, 22 W. 34th St., New York 10001 and may be obtained for
$2.00 for microfiche or $5,00 for photocopies,
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t
#(ty) = i— J:,’ p(t)dt

Po-—Pb 4
H(t)dt
- IR0

From Equations (16) and (18), one obtains

- :
(b)) = _(_liq_t_ﬁ)_ j; ' (\/xs erf \/st
1

+e st \/ —K-> di
ut
N

(18)

—st ] 4 2st —
= (Py — Py) = e— + L erf \/st; }
121 \/‘n’ 2\/ sty
(19)

From Equations (17) and (18), one obtains

ki K
—_tV —
T

_ 2
Yeni(ts) = (Po — Py) ['3:

ity
2 xty K
v [EVE 0V ]
(Po 2 3r T aly
2 st
= (Po— Py) —“—_,—_(1+_1),
t Vm 3
thh=7r (20)

Equations (19) and (20) show that the average transfer
coefficient over the time interval from 0 to #; is a function
of \/x/t; and st;. It must be noted that these two equa-
tions are valid only in the cases of short contact time and
negligibly small interfacial resistance.

DISCUSSION AND CONCLUSION

For many years the steady state operation has been
considered as the ultimate goal in process industries. Re-
cently, however, the unsteady state process has been
drawing increasing attention. It has been noted that
benefits can be obtained by deliberately operating a proc-
ess in the unsteady state. As indicated by Schrodt (12),
the capacity and efficiency of any operation may be im-
proved by unsteady state processing. The transient model
based on the renewal-penetration mechanism appears to
provide strong support for this so far as heat and mass
transport processes are concerned. Based on the transient
surface renewal and penetration model presented here, it
can be proved that the transient local heat or mass transfer
rate is always greater than or at least equal to the steady
state local transfer rate

y(t) = tl_l,m ¥ (t)
or from Equation (7)

f $(8)4:(0)do + yi(t) [ 1- j: $(0)do ]

Eilf: {fot ${0)%i(8)do 4 i (2) [1 - fot ¢(0)d0] }
(21)

Equation (21) is proved as follows. The instantaneous

transfer rate always decreases as the time increases (see
Table 1)

() =4:(0)
for all values of @ between ¢ and infinity. Furthermore, by

definition,
$(9) =0
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Hence,

Q- ©

Jim { .[a [¥:(t) — ¥:(8)] ¢(0)d0} =0
or

im S w0 o0y - J worpinnas}=o
Adding and subtracting the term,
J som@ae
to the left-hand side of the above expression, one obtains
5 som@ds + § wireo)ds
~ I somords=0

or
J;t ¢(0)¢i(8)do + $u(2) [ 1— j: $(4)do ]

H t
=1 oo ds

or
f;t $(0)yi(0)do + gi(t) [ 1-—- f: $(6)do ]

$Iim

- {ft s Ouod0 +ue) [1- f] o010 ] }

t> w

This inequality relation shows that the transient effect al-

40 1 T T T T
g I =0953 g/cm-sec 1
L =0.0299 cm
K =1.86x10™ em?/sec
I R =3.47x10° mol/cm3 7
| $=1.785 |/sec
30} — - — - —Eg.(190) 1
e mmmm Eq.(204a) 1
| ——..—Eg.(16 C)

—_— e —--—Eq.l17C)

"

Xt
19~ |

[
2o \
I

T
v
7/

J— —1

B S~ B
e “—
oF T T - -'==.._____H ]
i 1
0 1 L i 1 i
o 00! 002 003 004 005 006
Kty
3
Fig. 4. Comparison of experimental data with various equations {see
Figure 2).
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ways tends to increase the rate of transport where the
present model is applicable. More specifically, the local
transport coefficients obtained in the two examples of the
preceding section and given by Equations (16) and (17)
can also be proved to be greater than or at least equal
to the corresponding local transport coefficients under the
condition

[ Vs erf \/st + est \/_.::] =\/ks  (22)

and
[i\/_"ﬁ.m/ L] =2 /X 1=, (23)
T T at \/;,.— T

The transient models given by Equations (19) and (20)
are compared with the experimental data obtained by
Fujita (13), Kamei (14), and Hikita (15). Their experi-
mental data were also employed by Tadaki and Maeda
(10) in experiments on mass transfer in the liquid film on
a wetted-wall column; pure carbon dioxide was absorbed
by the water while it was running down the inner wall
of the outer tube. Their experimental results are compared
here with the transient models given by Equations (19)
and (20) and with the steady state models given by
Equations (16b) and (17b). In dimensionless form, these
four equations may be rewritten in the following way

¥(t)
k(Py — Pp)

L
1 1 . 14 2sty
= | et 2 rf \oE 19
K_tl[\/;e Zvéger\/s—l] (19a)
V Iz
yity) 1 2 sty
w(Po—Po) = [\-—/—1_7_( +-§-)] (20a)
L I
P (t) s
2 \/ L
«(Po — Py) P (16¢)
L
W) &
mx(Po—Pb) = ;—(—L (17¢c)
L

These equations represent in dimensionless form the
time average transfer rates between the onset of the proc-
ess and any moment t;; they are compared to the experi-
mental data in Figures 2 through 5. Note, however, that
in Equations (16¢) and (17a), the right-hand sides are
independent of t; and the dimensionless time average
transfer rates are also the instantaneous transfer rate be-
cause of the steady state condition. In each graph, the
dimensionless term #(t;)/(xPo/L) is plotted against the
dimensionless term «t;/L2 The bulk concentration Py is
assumed to be negligibly small. Note that the mass flow
rate of liquid per unit periphery Iy and, hence, the mean
frequency of renewal s increases as the figure number
increases.

The transient models predict results better than do the
steady state models in the case of a short-time process.
Furthermore, the transient models agree well with experi-
mental data for large flow rates, but the analytically ob-
tained predictions are smaller than the experimental results

Yol. 17, No. 1
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| k=172x10"%cm? /sec ]
R=4.09xI0"° mol/cm® ]
-]
a0k S=2.42 |/sec |
— - —-— Eq.(i90)
\ -- = ----Eq.(200)
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Fig. 5. Comparison of experimental data with various equations (see

Figure 2),

for small flow rates. Nevertheless, the deviations are ex-
pected in the case of small flow rates (long contact time)
because, as mentioned previously, Equations (19) and
(20) are valid under conditions of short contact time. The
average contact times are 3.4 sec. (Figure 2), 0.93 sec.
(Figure 3), 0.56 sec. (Figure 4) and 0.41 sec. (Figure 5).
Agreement of the analytical results with the experimental
data is expected to be improved if the transient film-
penetration or film-renewal model is employed.® In these
models, the average thickness ! of the fluid elements is as-
sumed to be finite. It has been noted that transfer rate
increases as [ decreases.
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NOTATION

C = molar concentration, M /L3

® See footnote on p. 157.
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¢p = heat capacity at constant pressure, L2/£*T

H = generalized local transport coefficient, L3/T

h = inverse of surface resistance, L/t

l = thickness of stagnant film; average thickness of
fluid elements, L

L = thickness of liquid layer in wetted wall column, L

m = number of capacitances or capacitors in multiple
capacitances model, dimensionless

P = potential, pc, T in M/L#? or C in M/L3

s = frequency or fractional rate of surface renewal,
it

t = time of process on the macroscopic scale, ¢

T = temperature, T

z = distance from interfacial plan, L

Greek Letters

hy/«, L1

impulse function, ¢!

contact time or age, ¢

= generalized molecular diffusivity, L2/t

= 3.14159 ..., dimensionless

density of fluid or particles, M/L?

mean residence time, ¢

contact time (or age) distribution function, ¢!
instantaneous local transport rate, ML2/t® or M/t
average local transfer rate, ML2/t% or M/t

average transfer rate for any time interval, ML?/¢*
or M/t

i

&£V 3 x Do

Subscripts

b = quantity evaluated at bulk stream
l == infinite thickness of fluid elements

quantity evaluated at interface
no surface resistance
infinitely many capacitors

i

0
Y
o0
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Studies of Singular Solutions in Dynamic

Opﬁmization: Il. Optimal Singular Design

of a Plug-Flow Tubular Reactor

Although much attention has been given recently to the
development of methods for the determination of the
optimal control of a batch reactor or the best operating
conditions for a tubular reactor, a number of difficulties
and uncertainties still remain, especially when the analy-

sis involves an exothermic reversible reaction. Several in-

vestigators (I, 5, 8) have been concerned with the estab-
lishment of the optimum temperature profile along a
tubular reactor, from which the optimal control (heat re-
moval rate) must then be obtained. Others (2, 10 to 12)
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have studied methods suitable for direct determination of
the heat flux profile, some of which resulted in the possible
appearance of singular control for a portion of the reactor
length. The present authors have looked further into the
occurrence of such singular problems during the applica-
tion of the theory, of optimal control and have developed
an improved approach to the determination of the optimal
heat transfer coefficient distribution along a tubular reac-
tor (6, 7).

This paper presents the details of an application of the
method of solution presented in the companion paper (7)
to the optimal design of a tubular reactor. It is shown that,
in general, if the reactor is “sufficiently long,” the optimal
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